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Abstract. Cosymplectic manifolds provide a natural setting for time de-
pendent mechanical systems as they are locally product of a Kaehler man-
ifold and a one dimensional manifold. Thus study of warped product sub-
manifolds of cosymplectic manifolds is significant. In this paper we have
proved results on the non-existence of warped product submanifolds of
certain types in cosymplectic manifolds.
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1 Introduction
Bishop and O’Neill in 1969 introduced the notion of warped product manifolds. These
manifolds are generalization of Riemannian product manifolds and occur naturally.
(e.g. surfaces of revolution and Kenmotsu manifolds are warped product manifolds).
In fact, the sphere and even Rn − {0} are locally isometric to warped product mani-
folds [5]. These manifolds also have applications in physics. It is shown that the space
around a black hole or a massive star can be modeled on a warped product mani-
fold. The existence or non-existence of these submanifolds thus assumes significance.
Recently B. Sahin showed that there does not exist semi-slant warped product sub-
manifolds of a Kaehler manifold [11]. In this paper we have extended this study to the
warped product submanifolds of cosymplectic manifolds which are an important class
of manifolds as they themselves are locally product of a Kaehler manifold and a one
dimensional manifold and provide a natural framework for time dependent mechanical
system.
2 Preliminaries
Let M¯ be a(2n + 1)-dimensional almost contact manifold with an almost contact
structure (φ, ξ, η) i.e., a global vector field ξ , a (1, 1) tensor field φ and a 1-form η on
M¯ such that
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(2.1)
 φ
2X = −X + η(X)ξ,
η(ξ) = 1
It is easy to see that on an almost contact manifold φ(ξ) = 0 and η ◦ φ = 0.





) = (φX − fξ, η(X) d
dt
)
where X is a vector field on M¯ and t, the co-ordinate function on R.
The manifold M¯ is said to be normal if the almost complex structure J on M¯ ×R
has no torsion i.e., J is integrable, in other words the tensor [φ, φ] + 2dη⊗ ξ vanishes
identically on M¯ , where [φ, φ] is the Nijenhuis tensor of φ [13]. On an almost contact
manifold there exists a Riemannian metric g satisfying
(2.2) g(φX, φY ) = g(X,Y )− η(X)η(Y )
for any vector fields X, Y tangent to M¯ . Clearly in this case η is dual of ξ i.e.,
g(X, ξ) = η(X), for any vector fields X tangent to M¯ . The almost contact manifold
with the above metric g is said to be an almost contact metric manifold.
The fundamental two form Φ on M¯ is defined as Φ(X,Y ) = g(X,φY ), for any
vector fields X, Y tangent to M¯ . The manifold M¯ is called an almost cosymplectic
manifold if η and Φ are closed i.e., dη = 0 and dΦ = 0, where d is the exterior dif-
ferential operator. If M¯ is almost cosymplectic and normal it is called cosymplectic
[2]. It is well known that an almost contact metric manifold is cosymplectic if and
only if ∇¯φ vanishes identically, where ∇¯ is the Levi-Civita connection on M¯. From
the formula ∇¯Xφ = 0, it follows that ∇¯Xξ = 0. These manifolds are known to have
many applications and in fact found to provide a natural geometrical framework to
describe time-dependent mechanical systems [4]. It is also shown that these manifolds
are locally a product of Kaehler manifold and a real line or a circle.
Let M be a submanifold of an almost contact metric manifold M¯ with almost
contact metric structure (φ, ξ, η, g). Then Gauss and Weingarton formulae are given
by
(2.3) ∇¯XY = ∇XY + h(X,Y )
(2.4) ∇¯XN = −ANX +∇⊥XY,
for any X, Y in TM and N in T⊥M , where TM is the Lie algebra of vector field inM
and T⊥M the set of all vector fields normal toM . ∇⊥ is the connection in the normal
bundle, h the second fundamental form and AN is the Weingarton endomorphism
associated with N. It is easy to see that
(2.5) g(ANX,Y ) = g(h(X,Y ), N).
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For any X ∈ TM , we write
(2.6) φX = PX + FX,
where PX is the tangential component and FX is the normal component of φX.
Similarly for N ∈ T⊥M , we write
(2.7) φN = tN + fN,
where tN is the tangential component and fN is the normal component of φN . We
shall always consider ξ to be tangent to M . It is easy to verify
fFX = −FPX
The submanifold M is said to be invariant if F is identically zero, that is,
φX ∈ TM for any X ∈ TM . On the other hand M is said to be anti-invariant if P
is identically zero, that is, φX ∈ T⊥M , for any X ∈ TM .
For each non zero vector X tangent to M at x, such that X is not proportional
to ξ, we denotes by θ(X), the angle between φX and PX.
M is said to be slant [3] if the angle θ(X) is constant for all X ∈ TM−{ξ, 0} and
x ∈M . The angle θ is called slant angle or Wirtinger angle. Obviously if θ = 0, M is
invariant and if θ = pi/2, M is an anti-invariant submanifold. If the slant angle of M
is different from 0 and pi/2 then it is called proper slant.
A characterization of slant submanifolds is given by following.
Theorem 2.1 [3]. Let M be a submanifold of an almost contact metric manifold M¯ ,
such that ξ ∈ TM . Then M is slant if and only if there exists a constant λ ∈ [0, 1]
such that
(2.8) P 2 = λ(−I + η ⊗ ξ).
Furthermore, in such case, if θ is slant angle, then λ = cos2 θ.
Following relations are straight forward consequence of equation (2.8)
(2.9)

g(PX,PY ) = cos2 θ[g(X,Y )− η(X)η(Y )]
g(FX,FY ) = sin2 θ[g(X,Y )− η(X)η(Y )]
for any X,Y tangent to M.
N. Papaghuic [10] introduced the notion of semi-slant submanifolds of almost
Hermitian manifolds, which were latter extended to almost contact metric manifold
by J.L. Cabrerizo et.al [3]. We say M is a semi-slant submanifold of M¯ if there exist
an orthogonal direct decomposition of TM as
TM = D1 ⊕D2 ⊕ {ξ}
where D1 is an invariant distribution i.e., φ(D1) = D1 and D2 is slant with slant angle
θ 6= 0. Similarly we say M is anti-slant submanifold of M¯ if D1 is an anti-invariant
distribution of M i.e., φD1 ⊆ T⊥M and D2 is slant with slant angle θ 6= 0.
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3 Warped and doubly warped product manifolds
The study of warped product submanifolds was initiated by R. L. Bishop and B.
O’Neill [1]. They defined these as follows
Definition 3.1. Let (B, gB) and (F, gF ) be two Riemannian manifolds with Rieman-
nian metrics gB and gF respectively and f , a positive differentiable function on B.
The warped product B×fF of B and F is the Riemannian manifold (B×F, g), where
(3.1) g = gB + f2gF .
More explicitly, if U is tangent to M = B × fF at (p, q), then
‖U‖2 = ‖dpi1U‖2 + f2(p)‖dpi2U‖2
where pii(i = 1, 2) are the canonical projections of B×F onto B and F respectively.
The following lemma provides some basic formulas on warped product manifolds.
Lemma 3.1 [1]. Let M = B × fF be a warped product manifold. If X,Y ∈ TB and
V,W ∈ TF then
(i) ∇XY ∈ TB
(ii) ∇XV = ∇VX = (X ln f)V
(iii) nor(∇VW ) = − g(V,W )f ∇f
where nor(∇VW ) is the component of ∇VW in TB and ∇f is the gradient of f .
Corollary 3.1 [1]. On a warped product manifold M = B × fF
(i) B is totally geodesic in M ,
(ii) F is totally umbilical in M.
B.Y. Chen [6] studied CR-submanifolds of Kaehler manifolds as warped product
submanifolds namely (a) N⊥ × fNT and (b) NT × fN⊥. B. Sahin [11], extending
the non-existence theorem for warped product CR-submanifolds N⊥ ×f NT showed
that there do not exists proper semi-slant warped product submanifolds of Kaehler
manifolds. Doubly warped product manifolds were introduced as a generalization to
warped product manifolds by B. Unal [12]. A doubly warped product manifold of B
and F , denoted as fB × bF is endowed with a metric g defined as
(3.2) g = f2gB + b2gF
where b and f are positive differentiable functions on B and F respectively.
In this case formula (iii) of Lemma 3.1 is generalized as
(3.3) ∇XZ = (Z ln f)X + (X ln b)Z
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for each X in TB and Z in TF [12].
If neither b nor f is constant we have a non trivial doubly warped product
M = fB × bF . Obviously in this case both B and F are totally umbilical submani-
folds of M .
We, now consider a doubly warped product of two Riemannian manifolds N1
and N2 embedded into a cosymplectic manifold M¯ such that the structure vector
field ξ is tangential to the submanifold M = f2N1 × f1N2 and prove
Theorem 3.1. If M = f2N1 × f1N2 is a doubly warped product submanifold of a
cosymplectic manifold M¯ where N1 and N2 are any Riemannian submanifolds of M¯ .
Then f2 is constant if the structure vector field ξ is tangent to N1 and f1 is constant
if ξ is tangent to N2.
Proof. We have using Gauss formula and the fact that ∇¯Uξ = 0, for U ∈ TM
(3.4) ∇Uξ = 0.
Thus in case ξ ∈ T (N1) and U ∈ T (N2) equations (3.3) and (3.4) imply that
(ξ ln f1)U + (U ln f2)ξ = 0, which shows that f2 is constant. Similarly for ξ ∈ T (N2)
and U ∈ T (N1) we have (ξ ln f2)U +(U ln f1)ξ = 0, showing that f1 is constant. This
completes the proof. ¤
It follows from the above theorem that
Corollary 3.2. There does not exist a warped product submanifold of the type
N1 × fN2 of cosymplectic manifolds M¯ where N1 and N2 are any Riemannian sub-
manifolds of M¯ with ξ tangential to N2.
To study the warped product submanifolds N1× fN2 with structure vector field
ξ tangential to N1, we first obtain some useful formulae for later use.
Lemma 3.2. Let M = N1× fN2 be a proper warped product submanifold of a cosym-
plectic manifold M¯ , with ξ ∈ T (N1), where N1 and N2 are any Riemannian subman-
ifolds of M¯ , then
(i) ξ ln f = 0,
(ii) AFZX = −th(X,Z),
(iii) g(h(X,Z), FY ) = g(h(X,Y ), FZ),
(iv) g(h(X,Z), FW ) = g(h(X,W ), FZ)
for any X, Y ∈ T (N1) and Z, W ∈ T (N2).
Proof. The first result is an immediate consequence of the fact that ∇¯Uξ = 0, for
U ∈ TM . For (ii) consider∇¯XφZ = φ∇¯XZ, which implies
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∇XPZ + h(X,PZ)−AFZX +∇⊥XFZ = P∇XZ + F∇XZ + th(X,Z) + fh(X,Z).
Comparing tangential and normal parts and using the fact ∇XPZ = P∇XZ, we get
AFZX = −th(X,Z)
(iii) and (iv) follow by taking the product in (ii) by Y andW respectively. ¤
Now in the following section we shall investigate semi-slant warped product sub-
manifolds of cosymplectic manifolds.
4 Semi-slant warped product submanifolds
From Corollary 3.2, it follows that there does not exist semi-slant warped product
submanifolds of the type NT × fNθ and Nθ× fNT of a cosymlectic manifold M¯ where
NT is an invariant and Nθ is a proper slant submanifold of M¯ with ξ being tangential
to Nθ and NT respectively. Thus we are left with two cases:
(i) NT × fNθ, and
(ii) Nθ × fNT
with ξ in T (NT ) and T (Nθ) respectively.
For case (i), we have
Theorem 4.1. There does not exist a proper warped product submanifold NT × fNθ
where NT is invariant and Nθ is a proper slant submanifold of a cosymplectic mani-
fold M¯ such that ξ is tangent to NT .
Proof. For X ∈ T (NT ) and Z ∈ T (Nθ)
(X ln f)‖Z‖2 = −g(∇ZZ,X) = η(∇¯ZZ)η(X)− g(φ∇¯ZZ, φX)
= −g(∇¯ZφZ, φX) = −g(∇ZPZ −AFZZ, φX)
= g(h(Z, φX), FZ).
That is,
(4.1) g(h(Z, φX), FZ) = (X ln f)‖Z‖2.
Now,
g(h(Z, φX), FZ) = g(∇¯ZφX,FZ) = g(φ∇¯ZX,FZ)
= g(φ(∇ZX + h(X,Z)), FZ)
= g(F∇ZX,FZ) + g(φh(X,Z), FZ)
= sin2 θ[g(∇ZX,Z)− η(∇ZX)η(Z)]− g(h(X,Z), fFZ)
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i.e.,
(4.2) g(h(Z, φX), FZ) = (X ln f) sin2 θ‖Z‖2 + g(h(X,Z), FPZ)
On using (4.1) and (4.2), we get
(4.3) g(h(X,Z), FPZ) = (X ln f) cos2 θ‖Z‖2
Which on using formula (iv) of Lemma 3.2 yields
(4.4) g(h(X,PZ), FZ) = (X ln f) cos2 θ‖Z‖2.
Replacing Z by PZ in above gives
g(h(X,P 2Z), FPZ) = (X ln f) cos2 θ‖PZ‖2.
Which on using (2.8) and (2.9), implies
g(h(X,Z), FPZ) = −(X ln f) cos2 θ‖Z‖2.
As the warped product submanifold is assumed to be a proper submanifold, it follows
from (3.4) and the last relation that either θ = pi/2 or f is constant on NT . Hence
theorem is proved. ¤
Now case(ii) is dealt in the following theorem.
Theorem 4.2. There does not exist a proper warped product submanifold Nθ × fNT
where NT is an invariant and Nθ is a proper slant submanifold of a cosymplectic
manifold M¯ such that ξ is tangent to Nθ.
Proof. For X ∈ T (NT ) and Z ∈ T (Nθ), we have
∇ZX = ∇XZ = (Z ln f)X.
Now since ∇¯Xξ = 0, the above relation implies on using Gauss formula that
(4.5) ξ ln f = 0.
On using Lemma 3.1, we have
(4.6) g(∇¯XX,Z) = g(∇XX,Z) = −(Z ln f)g(X,X),
but,
g(∇¯XX,Z) = g(φ∇¯XX,φZ) + η(∇¯XX)η(Z)
which on using (4.6 ) simplifies as
g(∇XX,Z) = g(∇¯XφX, φZ)
= g(∇XφX,PZ) + g(h(X,φX), FZ)
= g(h(X,φX), FZ).
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Therefore,
(4.7) g(h(X,φX), FZ) = −(Z ln f)‖X‖2.
Changing X by φX in above we get
(4.8) g(h(φX,X), FZ) = (Z ln f)‖X‖2.
Equations (4.7) and (4.8) imply that Z ln f = 0, i.e., f is constant on Nθ, proving the
result. ¤
From Corollary 3.2, Theorems 4.1 and 4.2 it follows that:
Theorem 4.3. There does not exists a semi-slant warped product submanifold of a
cosymplectic manifold other than a CR-product.
5 Generic warped product submanifolds
Above results prompt us to consider more general warped product submanifolds of a
cosymplectic manifold, namely NT × fN and N × fNT called generic warped product
submanifolds, with ξ is tangent to NT and N respectively where N is an arbitrary
Riemannian submanifold of M¯ .
In fact, it can be realized that Theorem 4.2 is true even for variable θ, to be
more precise, we can state
Theorem 5.1. There does not exist a proper warped product submanifold N × fNT
where NT is an invariant and N is any Riemannian submanifold of a cosymplectic
manifold M¯ such that ξ is tangent to N .
Proof. Let M = N × fNT be a warped product submanifolds of M¯ . Then by Lemma
3.1,
(5.1) ∇XZ = ∇ZX = (Z ln f)X
for each X ∈ TNT and Z ∈ TN . Thus,
(5.2) g(X,∇φXZ) = 0.
Making use of equations (2.2), (2.3), (2.4), (2.6) and the fact that M¯ is cosymplectic,
we deduce from equation (5.2) that
g(φX,∇φXPZ)− g(h(PX,PX), FZ) = 0
which on applying formula (5.1) yields
(5.3) g(h(PX,PX), FZ) = (PZ ln f)g(X,X).
As M¯ be cosymplectic we have
Warped product submanifolds 63
(5.4) (∇XP )Z = AFZX + th(X,Z)
and by equation (5.1),
(5.5) (∇XP )Z = (PZ ln f)X − (Z ln f)PX.
Equating the right hand side of equations (5.4) and (5.5) and taking product with
Y ∈ TNT , we get
(5.6) (Z ln f)g(X,Y ) + (PZ ln f)g(PX, Y ) = g(h(PX, Y ), FZ).
Interchanging X and Y in the above equation and adding the resulting equation in
(5.6) while taking account of the fact that
h(X,PY )− h(PX, Y ) = F [X,Y ] = 0,
we obtain that
(5.7) (Z ln f)g(X,Y ) = g(h(X,PY ), FZ).
In particular, we have
(5.8) g(h(PX,PY ), FZ) = 0.
By equation (5.3) and (5.8), it follows that
(PZ ln f) = 0
for each Z ∈ TN . This completes the proof. ¤
Now, the other case i.e., NT×fN with ξ is tangent to NT is dealt in the following
theorem:
Theorem 5.2. There does not exist a proper warped product submanifold NT × fN
where NT is an invariant and N is any proper non anti-invariant Riemannian sub-
manifold of a cosymplectic manifold M¯ such that ξ is tangent to NT .
Proof. Let M = NT × fN . For U, V in TM , if we define
(∇UP )V = ∇UPV − P∇UV
Then by Lemma 3.1 (ii), it can be deduced that
(5.9) (∇XP )Z = 0,
and
(5.10) (∇ZP )X = (PX ln f)Z − (X ln f)PZ
for any X ∈ TNT and Z ∈ TN . Now, as M¯ is cosymplectic, it is straight forward to
see that
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(5.11) (∇UP )V = AFV U + th(U, V ).
Using equation (5.11) in equations (5.9) and (5.10), we get
(5.12) AFZX = −th(X,Z)
and
(5.13) (PX ln f)Z − (X ln f)PZ = th(X,Z).
Combining equations (5.12), (5.13) and taking product with PZ, gives
(5.14) g(h(X,PZ), FZ) = (X ln f)‖PZ‖2.
Now, as ∇¯φ = 0 and
(5.15) ∇XZ = ∇ZX = (X ln f)Z
we have on using equation (2.2)
g(∇¯PZφZ, φX) = 0
i.e.,
g(∇PZPZ, φX) = g(AFZPZ, φX).
Replacing X by φX and making use of equation (5.15), the above equation yields,
(5.16) g(h(X,PZ), FZ) = −(X ln f‖PZ‖2.
Further from Lemma 3.2, we have
(5.17) ξ ln f = 0.
From the equations (5.14), (5.16) and (5.17), it follows that the warped product NT ×
fN is trivial. This proves the theorem. ¤
References
[1] R.L. Bishop and B. O’Neill,Manifolds of Negative curvature, Trans. Amer. Math.
Soc. 145 (1969), 1-49.
[2] D.E. Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Math-
ematics, Vol. 509. Springer-Verlag, New York, (1976).
[3] J.L. Cabrezo, A. Carriazo, L.M. Fernadez, Slant submanifolds in Sasakian man-
ifolds, Glasgow Math. J. 42 (2000), 125-138.
[4] F. Cantrijnt, M. de Leon and E.A. Lacomha, Gradient vector fields on cosym-
plectic manifolds, J. Phys. A. Math. Gen. 25 (1992), 175-188.
[5] B.Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds,
Monatsh. math. 133 (2001), 177-195.
[6] B.Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds
II, Monatsh. Math. 134 (2001), 103-119.
Warped product submanifolds 65
[7] B.Y. Chen,Geometry of warped products as Riemannian submanifolds and related
problems, Soochow J. Math. 28(2) (2002), 125-156.
[8] I. Hasegawa and I. Mihai, Contact CR-warped product submanifolds in Sasakian
manifolds, Geom. Dedicata 102 (2003), 143-150.
[9] A. Lotta, Slant submanifolds in contact geometry, Bull. Math. Soc. Roumanie 39
(1996), 183-198.
[10] N. Papaghuic, Semi-slant submanifolds of a Kaehlerian Manifold, An. Stiint. Al.I.
Cuza. Univ. Iasi., 40 (1994), 55-61.
[11] B. Sahin, Nonexistence of warped product semi-slant submanifolds of Kaehler
manifold, Geom. Dedicata 117 (2006), 195-202.
[12] B. Unal,Doubly warped products, Differential geometry and Its Applications 15(3)
(2001), 253-263.
[13] K. Yano and M. Kon, Structures on Manifolds, Series in Pure Mathematics,
World Scientific Publishing co., Singapore, (1984).
Authors’ addresses:
Khalid Ali Khan
School of Engineering and Logistics,
Faculty of Technology,




College of Science, P.O. Box 80203,
King Abdul Aziz University,
Jeddah-21589, K.S.A.
E-mail: viqarster@gmail.com
Siraj-Uddin
Department of Mathematics,
Aligarh Muslim University,
Aligarh-202002, India.
E-mail: siraj.ch@gmail.com
